Abstract. The hyperbolic Schwarz map is defined in [SYY1] as a map from the complex projective line to the three-dimensional real hyperbolic space by use of solutions of the hypergeometric differential equation. Its image is a flat front ([GMM, KUY, KRSUY]), and generic singularities are cuspidal edges and swallowtail singularities. In this paper, we study creations/eliminations of the swallowtails on the image surfaces of the two-parameter family of the confluent hypergeometric differential equations, and give a stratification of the parameter space according to types of singularities. Such a study was made for a 1-parameter family of hypergeometric differential equation in [NSYY].
Introduction
The confluent hypergeometric differential equation is defined as (1.1) xu + (γ − x)u − αu = 0.
It is regular singular at x = 0 and irregular singular at x = ∞. By a change of the unknown u by multiplying a non-zero function ρ = exp(−x/2)x γ/2 , and a change of parameters Its target can be regarded as the three-dimensional hyperbolic space H 3 identified with the space of positive 2 × 2-hermitian matrices modulo diagonal ones. The map S is called the hyperbolic Schwarz map. Its image is a surface with singularity, which is known to be a flat front in H 3 . We remark that the ordinary (multivalued) Schwarz map is defined as S : X x −→ u 0 (x) : u 1 (x) ∈ P 1 , and the (multi-valued) derived Schwarz map as
where P 1 denotes the complex projective line, the ideal boundary of H 3 . The maps S and DS are connected by a one-parameter family of flat fronts in H 3 and the map S is a member of this family. We refer to [GMM, KUY, SYY2] for these maps.
In this paper, we study the singularities on the image surface of the hyperbolic Schwarz map of the differential equation (E) with the coefficient q with real parameters a and b and show how the singularities depend on the parameters. It is well known that generic singularities of the image surfaces are cuspidal edges and swallowtails. Owing to the criteria of certain singularities in terms of the coefficient q, confluences, namely creations/eliminations, of swallowtail singularities are classified; we thus have a stratification of the parameter space according to types of singularities. Refer to Figures 6 and 7. Typical variations of cuspidal edges are picturized. The point x = 0 is a regular singular point of the differential equation and it is mapped into the boundary of H 3 . The behavior of the map around x = ∞ may be complicated because the differential equation is irregular singular at that point; the asymptotic behavior of the surface will be studied in the forthcoming paper [SY2] .
We refer to [E, Y] for the hypergeometric differential equation and its solutions.
2. Criteria on singularities of flat fronts 2.1. Singularities of flat fronts. A smooth map f from a domain U ⊂ R 2 to a Riemannian 3-manifold N 3 is called a front if there exists a unit vector field ν : U → T 1 N along the map f such that df and ν are perpendicular and the map ν : U → T 1 N along f is an immersion, where T 1 N is the unit tangent bundle of N . We call ν the unit normal vector field of f . Note that, if we identify T 1 N with the unit cotangent bundle T 1 N * , the condition df ⊥ ν is equivalent to the corresponding map L : U → T * 1 N to be Legendrian with respect to the canonical contact structure T * 1 N . A point p ∈ U is called a singular point of f if rank(df ) is less than 2 at p; it is called a singular point of rank one if rank(df ) is equal to one. Relative to the coordinates (u, v) on U , define a function λ by
where Ω is the volume form. A singular point in U is said to be nondegenerate if dλ = 0. Here, let us recall some terminologies in singularity theory: Let f i be a map germ at p i defined on the source space S i into the target space T i , for i = 1, 2. Then, they are said to be equivalent if there exist a local diffeomorphism φ from S 1 to S 2 with φ(p 1 ) = p 2 and a local diffeomorphism ψ from T 1 to T 2 , such that
It is well-known that generic singularities of fronts are cuspidal edges and swallowtails [A] ; refer also to [SY1] for an elementary description. Recall that the cuspidal edge is (the equivalence class of) the map germ
at the origin, and the swallowtail singularity is the map germ
at the origin. The generic (in Arnold's sense) confluence of swallowtail singularities are classified into five types called A 4 , a pair of cuspidal lips, a pair of cuspidal beaks, and two types where rank(df ) = 0; Refer to [LLR] (p. 547) and also to [S, IST] . The first three are defined as the map germs at the origin as follows:
Cuspidal beaks:
Each belongs to a family of the map germs
respectively, where c is the parameter of the family. We furthermore introduce a family of the map germs of a higher-order singularity as
which defines the singularity of type A 5 at the origin when c = 0:
In this subsection, we review the criteria of these singularities in terms of λ, and paraphrase them in terms of the coefficient q.
Assume that the map f is of rank one at a point p. Then there exits a nonvanishing vector field η around p so that (ηf )(q) = 0 for any singular point q around p. Lemma 2.1. ( [KRSUY, S] ; see also [SUY] ). Let p be a nondegenerate singular point of the front f . Then, the map f at p is equivalent to We apply the criteria above to the hyperbolic Schwarz map f = S associated to the equation (E) . The inner product , on the tangent bundle T H 3 is given as X, Y = tr(XỸ )/2, whereỸ is the cofactor matrix of Y , and the cross-product
Refer, e.g., to [KRSUY] , p. 319. The normal vector field ν is given by the equation
which we regard as a map to T H 3 . Then the function λ is equal to 2i ν, f × f up to a constant multiple. Here and in the following, f denotes the derivative ∂f /∂x and f = ∂ 2 f /∂x 2 , and so on. Since f = U t U and U = U 0 q 1 0 , we see that
By definition, the set of singular points is
A simple computation shows that the vector field η can be chosen as
around the point where q = −1 and
around the point where q = 1. Then a computation using the first expression yields
Now, we are prepared to paraphrase Lemmas 2.1 and 2.2 as follows:
singular point of the hyperbolic Schwarz map S if and only if |q(x)| = 1, (2) a singular point x ∈ X of S is equivalent to the cuspidal edge if and only
if q (x) = 0 and q (x) = (q /q 3 )(x), (3) a singular point x ∈ X of S is equivalent to the swallowtail if and only if
6) any degenerate singular point of rank one cannot be cuspidal lips, (7) and a degenerate singular point of rank one is equivalent to a pair of cuspidal beaks if and only if q = 0, q = 0, and q (x) = (q /q 3 )(x).
Proof. The claim (1) is what we observed above. To see the claim (2), we rewrite the first identity of (2.2) by use of q = 1/q:
from which we can see that η(λ) = 0 if and only if q = q /q 3 when 1 + q = 0. We obtain the same condition also when 1 − q = 0; hence, we have (2). For (3), rewrite the second identity of (2.2) by use of q = 1/q and q = q /q 3 . Then we see
which implies the third condition of (3) in case 1 + q = 0. In case 1 − q = 0, we have the same expression. The claims (4) and (5) We remark that the condition q (x) = −(q /q 3 ) (x)/q(x) in (3) of the lemma above is rewritten as Re(2q /q 2 − 3(q ) 2 /q 3 )(x) = 0, which is the expression given in [KRSUY] .
2.2. Cuspidal edge. In the following, we use the real coordinates (s, t): x = s + it for the sake of simplicity. In these coordinates,
The set CE is defined explicitly as Proof. Suppose that some component does not intersect the s-axis; namely, there exists a floating island component for some (a, b) . Then, we can change the parameters continuously in such a way that the island should shrink to a point, since such a component does not exists when (a, b) = (0, 0). This implies that ce(t, s) would attain a local maxima/minima at a certain point. We can show that it does not occur away from the s-axis, by the following calculus: Set y = t 2 . The system ∂ce/∂y = ∂ce/∂s = 0 has a unique solution
.
At this point, we have
, and the Hessian of ce equals −16(a 2 + 15b). Since y can not be negative, the completion of the proof is now immediate. In view of this lemma, we consider the intersection CE ∩ {t = 0} to get a global view of the set CE. The intersection is defined by the equation
(b + 2as + 5s
2 )(−b − 2as + 3s 2 ) = 0, which is solved as
When (a, b) = (0, 0), four roots coincide; in this case, the coefficient reduces to q = 1/4, which we exclude from our consideration since S does not define a surface. On the line b = 0, the roots are 2a/3, 0(double), −2a/5. On the curve a 2 = 5b, the first equation has double roots and, on the curve a 2 = −3b, the second equation has double roots. Thus, we have the stratification of the parameter plane as in Figure  1 . Each numeral in the figure shows the cardinality of the intersection CE ∩{t = 0}.
The shape of the set CE depends on the parameter (a, b). Here, we notice that the polynomial ce has the homogeneity ce(ks, kt, ka, k 
−(32a
For a point in the set SW = {(s, t); ce = swr = swi = 0} to be a swallowtail singularity, it is necessary to check the third condition in (3) of Lemma 2.3. We denote by swexc the numerator of the real part of 2q /q 2 − 3(q ) 2 /q 3 , which is a polynomial of (s, t) of total degree nine; its explicit expression is given in the appendix.
We first compute the exceptional set SWE := {ce = swr = swi = swexc = 0}. By relying on the primary decomposition of the corresponding ideal ce, swr, swi, swexc in the polynomial ring R[s, t, b] (a = 1 is assumed), we have the following. (Refer to, e.g., [Jac] By this lemma, the exceptional real points are
where b 1 is one of solutions of the equation 25b 2 − 10b − 27 = 0 of (3): 
In the case a = 0, we see that when b = 1 the swallowtail points are (s, t) = (0, ±1/ √ 5), (±1/ √ 3, 0) and that when b = −1 there exist no swallowtail points.
2.4. Types of confluence of swallowtail singularities. The types of the above exceptional points can be identified by using the criteria in Lemma 2.3. Let C be one of the ideals in the previous lemma for the cases (3)-(5) when a = 1. By computing the primary decomposition of the ideal generated by the polynomials in C and the numerator num of the expression of ηηη(λ) in (2.2), we can see that p 1 and p 3 are of type A 4 and that ηηη(λ) = 0 for p 2 and p 4 . The polynomial num is given in the appendix. When b passes through b 2 (resp. b 4 ), three swallowtail points get together to the point p 2 (resp. p 4 ) and then reappears a single swallowtail point. At these extreme values of b, the derivatives η k (λ) vanishes for 0 ≤ k ≤ 3 as we have seen. However, we can examine η 4 (λ) = 0. Hence, the type of singularity is A 5 . We remark that this type of confluence is not generic in Arnold's sense.
When a = 0, no confluence occurs. We next treat degenerate points of rank one, which can be a pair of cuspidal beaks in view of Lemma 2.3. In fact, by solving the equation q = 0 and checking q = 0 and q 3 (x)q (x)−q (x) = 0, we can show that (s, t) = (1/3, 0) when b = −1/3 and (s, t) = (−1/5, 0) when b = 1/5 are actually cuspidal beaks. Remark 2.6. When b passes through the value 0, three swallowtail points get together to the origin and then reappear three swallowtail points again. Such a phenomenon was observed also in the study of Gauss hypergeometric equation ( [NSYY] ). A similar phenomenon is known in the study of confluence of swallowtail points by Arnold; refer to the third case in the list of classification given in [LLR] , p. 547. However, the present type of confluence seems to be different from Arnold's since the point x = 0 is a singularity of the equation and the map S itself is multi-valued at this point. In Figure 3 -4, we exhibit the shape of the cuspidal edge for several values of b including these. The balck ball indicates a swallowtail point, the white quadrangle a pair of cuspidal beaks, the white ball a singularity of type A 4 , and the crossed ball a singularity of type A 5 .
When a = 0, we show two figures in Figure 5 .
In Figure 6 , we give a finer stratification of the ab-plane according to the cardinality of swallowtail poins, which are also described in the figure. The curves are named as
Here we remark that the two curves b = b 3 a 2 and b = (1/5)a 2 are very nearly situated; so, we draw b = 0.4a 2 instead of b = b 3 a 2 so that the stratification is better observed. In Figure 7 , the stratification is transported to the αγ-plane. The lines C 1 and C 2 are the pullback of the line C.
Surfaces for particular values of the parameter b
We show the image surface of S for some parameters (a, b) = (1, b). Since S is multi-valued in general, we cut the (s, t)-plane along the negative s-axis. The hyperbolic Schwarz map is defined by use of solutions
is the confluent hypergeomtric function and ρ(x) = exp(−x/2)x γ/2 is the multiplier that changes the equation (1.1) into the SL-form (E) . For a given b, we have generally two sets of (α, γ) determined by (1.2); however, the both define the same map up to interchange of u 0 and u 1 .
In drawing the surfaces in Figure 8 , we choose five values of b so that they are lying in intervals separated by the exceptional values b i (1 ≤ i ≤ 4). Area of drawing is chosen to be a part of annuli around the origin or a quadrangle by referring the shape of the cuspidal edge in Figures 3-4 . The right picture in each row is an enlargement of a part of the left picture.
The following is the list of data realtive to the coordinate x = s + it = r exp(iθ), where −19/20π ≤ θ ≤ 19/20π is assumed.
• b = −0.9: 0.2 ≤ r ≤ 1. 
